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1 Introduction
The use of models belonging to the different areas of physics has been highly
efficient in order to produce important theories. Gravity is a good exam-
ple where pioneering works of Bekenstein[1], Hawking[2] and Unruh[3] have
shown a deep connection between thermodynamics and relativity. Taking
advantage of this result, E. Verlinde[4] by using basically the holographic
principle and the equipartition theorem has derived the usual gravitational
field. Certainly, this is an important and intriguing result. Before the work
of Verlinde, some authors have also investigated gravity from a thermody-
namics point of view. Among them we can cite the works of Jacobson[5] and
Padmanabhan[6]. Related ideas to the Padmanabhan’s works can also be
found in Cantcheff[7] . It is opportune to notice that Banerjee and Majhi[8]
have also given a statistical interpretation of gravity.
Having in mind a possible connection between gravity theories and solid
state models, Gao[9], in the context of Verlinde’s formalism, has observed
that at low temperatures the equipartition theorem must be corrected ac-
cording to the Debye solid model[10]. As an important consequence, the
gravitational force is modified. More specifically, Li and Chang[11] have
obtained the modified Newtonian dynamics (MOND theory[12]) from the
one dimensional Debye model. Here, we must mention that Modesto and
Randono[13] have also pointed out the possibility of obtaining MOND the-
ory from an area entropy relation in the Verlinde’s formalism. Kiselev and
Timofeev[14] have also related MOND theory with the collective motions of
holographic screen bits. The MOND theory, in the context of cosmology, has
been successful in explaining most of the observed galaxies rotation curve.
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As the equipartition law of energy plays an important role in the entropic
gravity formalism, then our purpose in this paper is to modify the equiparti-
tion theorem by adopting an alternative method to the Debye model. During
the cooling of the system we will consider that part of the bits acquires zero
energy without the system to have still reached the zero temperature. In
principle, there is a critical temperature where this phenomenon starts to
occur. When we subtract the number of bits with zero energy from the total
number of bits in the equipartition formula, the MOND theory is obtained.
There are several possibilities of introducing inhomogeneity in the Verlinde’s
formalism and our motivation in choosing a particular form, Eq.(8), was to
derive MOND theory. In order to clarify the exposition of the subject, this
paper is organized as follows: in Section 2 we give a short review of Verlinde’s
formalism where the usual Newton’s law of gravity is derived. In Section 3
we derive the MOND theory from the nonhomogeneous cooling of bits. In
Section 4 we derive the MOND theory equivalent of the Friedmann equa-
tions also from the nonhomogeneous cooling of bits. In Section 5 we make
our concluding remarks.
2 Entropic Gravitational Acceleration
In this section we will briefly show, in a quantitative manner, the steps used
by Verlinde in order to derive the gravitational acceleration. We will begin
by considering a spherical surface as the holographic screen with a particle
of mass M positioned in its center. A holographic screen can be thought as
a storage device for information. The number of bits is then assumed to be
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proportional to the area A of the holographic screen
N =
Ac3
Gh¯
, (1)
where A = 4pir2. The energy of the particle is
E = Mc2. (2)
An important assumption in the Verlinde’s formalism is that the total energy
of the bits on the screen is given by the equipartition law of energy
E =
1
2
NkBT. (3)
Assuming that the energy of the particle inside the holographic screen is
equal to the equipartition law of energy
Mc2 =
1
2
NkBT, (4)
and using Eq.(1) together with the Unruh temperature formula
kBT =
1
2pi
h¯a
c
, (5)
we are then able to derive the well known (absolute) gravitational acceleration
formula
a =
GM
r2
. (6)
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3 The MOND Theory and Modified Entropic
Force
The success of MOND theory is due to its ability, in principle as a phe-
nomenological model, to explain the most of the rotation curve of galaxies.
MOND theory reproduces the well known Tully-Fisher relation[15] and can
also be an alternative to the dark matter model. Basically this theory is a
modification of Newton’s second law in which can be described as
F = m µ
(
a
a0
)
a, (7)
where µ(x) is a function with the following properties: µ(x) ≈ 1 for x >> 1,
µ(x) ≈ x for x << 1 and a0 is a constant. There are different interpolation
functions for µ(x)[16]. However, it is believed that the main implications
caused by the MOND theory do not depend on the specific form of these
functions. Therefore, for simplicity, it is usual to assume that the variation
of µ(x) between the asymptotic limits occurs abruptly at x = 1 or a = a0.
We will begin our proposal by considering that, below a critical temper-
ature, the cooling of the holographic screen is not homogeneous. We choose
that the fraction of bits with zero energy is given by the formula
N0
N
= 1−
T
Tc
. (8)
For T ≥ Tc we have N0 = 0. Thus, Tc is a critical temperature where, below
this, the zero energy phenomenon for some bits starts to occur. Equation
(8) is a usual relation of the critical phenomena and second order phase
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transitions theory. The number of bits with energy different of zero for a
given temperature T < Tc is
N −N0 = N
T
Tc
. (9)
Substituting Eq.(9) in the equipartition law of energy, we get
E =
1
2
N
T
Tc
kBT. (10)
Then, following the Verlinde’s formalism where we have used Eqs.(1), (2),
(5) and (10), we derive, for T < Tc, the MOND theory for Newton’s law of
gravitation
a
(
a
a0
)
= G
M
r2
, (11)
where
a0 =
2pic kBTc
h¯
. (12)
Using a0 ≈ 10
−10ms−2 we get Tc ≈ 10
−31K, an extremely low temperature
which is far from the usual temperatures observed in our real world. There-
fore, below the critical temperature, Tc, we have obtained as a consequence
of MOND theory that the usual Newton’s second law is no longer valid.
At this point we would like to stress that the hypothesis of nonhomo-
geneous cooling of bits can be justified by making use of thermostatistic
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arguments. Below the critical (low) temperature, the thermal bath does not
ensure an exact application of the equipartition theorem for all bits, i.e., the
thermalization of the system does not guarantee that all bits have the same
energy. This result frequently occurs in many different physical systems.
As an example, we can mention the well known coupled harmonic oscillators
model[17] where the energy is not be shared between the independent normal
modes of this system.
The concept of nonhomogeneous cooling of bits allows us to imagine a
curious hypothetical case that is when all bits acquire zero energy at the
same time for a particular acceleration or specific critical temperature dif-
ferent of zero. In the language of critical phenomena, we can say that this
case is similar to the first order phase transition. Then, using the abrupt
energy change of the bits and Eqs.(1), (2), (4) and (5), we obtain that the
gravitational acceleration has an interesting behavior that is not approach-
ing to zero for very large distances but tends to a constant value. If this
phenomenon occurs, we expect that the asymptotic value of the acceleration
must be very small when compared with values of our everyday world and
certainly it is very difficult of being measured by the current experimental
techniques.
4 Modified Friedmann Equation Compatible
with MOND Theory
In this section we will derive a modified Friedmann equation compatible with
MOND theory. We use the same steps of Cai, Cao and Ohta[18] who have
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obtained the Friedmann equations from entropic force (similar results can be
found in references [19], [20] and [21]). The only difference is that we will
introduce the concept of nonhomogeneous cooling of bits in the equipartition
law of energy as we did in the previous section. We will begin by considering
a flat Friedmann-Robertson-Walker (FWR) universe whose metric is
ds2 = −dt2 + a2(t)
(
dr2 + r2dΩ2
)
. (13)
We suppose that in the FWR universe the matter source, for simplicity, is a
perfect fluid with the stress-energy tensor given by
Tµν = (ρ+
p
c2
)uµuν +
p
c2
gµν , (14)
where ρ is the mass density, p is the pressure and uµ = (1, 0, 0, 0) is the
four velocity of the fluid measured by a comoving observer. We choose as
the holographic screen a spherical surface with the radius r˜ = a(t)r. Con-
sequently, the acceleration in which will be used in the Unruh temperature
formula is ar = a¨r. The mass inside the holographic screen is given by the
Tolman-Komar mass relation
M = 2
∫
V
dV
(
Tµν −
1
2
Tgµν
)
uµuν
=
4pi
3
a3r3 (ρ+
3p
c2
). (15)
At this point we are ready to apply the Verlinde’s formalism with the fraction
bits number with zero energy, Eq.(8), being used in the equipartition law of
energy. Combining Eqs.(1), (2), (5), (10) and (15), we get
8
a¨ = −
[
4piGa0
3
(ρ+
3p
c2
)
a
r
] 1
2
, (16)
which is the acceleration equation for the dynamical evolution of the FWR
universe compatible with MOND theory. The parameter a0 is the same as
defined in Eq.(12). The minus sign in Eq.(16) is due to our consideration
that the acceleration is caused by the matter inside the holographic screen.
Due to the algebraic form of Eq.(16), at first, we can not integrate it and
consequently we can not write an expression for a˙, as usually is done for the
Friedmann equations. What it is amazing in the entropic formalism is that we
are deriving a modified Friedmann equation compatible with MOND theory
by a thermostatistic approach and not by a modified relativistic theory[22]
which would, in principle, necessary to derive an exact result.
Rewriting Eq.(16) in terms of r˜ = a(t)r, we get
¨˜r = −
[
4piGa0
3
(ρ+
3p
c2
)r˜
] 1
2
, (17)
which is the same expression obtained by Sanders[23] in another context.
5 Conclusions
In this work, we use the holographic principle and a modified equipartition
law of energy, where we have introduced the notion of nonhomogeneous cool-
ing of bits, in order to derive MOND theory and a modified Friedmann equa-
tion compatible with MOND theory. The key point of our work is that, below
a critical temperature, the energy of the particle inside the holographic screen
9
is not distributed equally on all bits. This hypothesis leads to a change in
the equipartition energy formula where now it is proportional to the square
of temperature. Using the Unruh temperature we are then able to derive
MOND theory. To finish, we would like to point out that an important re-
sult of our work is the reinterpretation of MOND’s parameter a0, Eq.(12), in
terms of the Planck constant, and a critical temperature where below this,
the nonhomogeneous bits distribution of energy begins to occur.
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1 Introduction
The use of models belonging to the different areas of physics has been highly
efficient in order to produce important theories. Gravity is a good exam-
ple where pioneering works of Bekenstein[1], Hawking[2] and Unruh[3] have
shown a deep connection between thermodynamics and relativity. Taking
advantage of this result, E. Verlinde[4] by using basically the holographic
principle and the equipartition theorem has derived the usual gravitational
field. Certainly, this is an important and intriguing result. Before the work
of Verlinde, some authors have also investigated gravity from a thermody-
namics point of view. Among them we can cite the works of Jacobson[5] and
Padmanabhan[6]. We should also mention that related ideas to the Padman-
abhan’s works can also be found in Cantcheff[7]. In addition, Banerjee and
Majhi[8] have also given a statistical interpretation of gravity.
Having in mind a possible connection between gravity theories and solid
state models, Gao[9], in the context of the Verlinde’s formalism, has observed
that at low temperatures the equipartition theorem must be corrected ac-
cording to the Debye’s solid model[10]. As an important consequence, the
gravitational force is modified. It is opportune to mention here that the en-
ergy of a system in the Debye’s model goes to zero when the temperature
reaches zero. However, in the Gao’s approach, the energy of the gravitational
system remains constant. This behavior indicates that there is a possible dif-
ference between the Gao’s procedure and the usual Debye’s model. Li and
Chang[11], in an interesting work, have obtained the modified Newtonian dy-
namics (abbreviated by MOND and originally proposed by Milgrom[12]) from
the one dimensional Debye model. Also, in the Verlinde’s picture, Modesto
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and Randono[13] have pointed out the possibility of obtaining MOND the-
ory from an area entropy relation and Kiselev and Timofeev[14] have related
MOND theory with the collective motions of the holographic screen bits.
MOND theory, in the context of cosmology, has been successful in explain-
ing most of the observed galaxies rotation curve. As the equipartition law
of energy plays an important role in the entropic gravity formalism then our
purpose in this paper is to modify the equipartition theorem by adopting an
alternative method to the Debye model. In the Debye’s solid model the atoms
are arranged in a crystal lattice structure where each can be considered as a
harmonic oscillator. In our scheme, based on models of critical phenomena,
during the cooling of the system, we assume that, at first, the bits are not
clustered in a lattice structure. We will consider that part of the bits acquires
zero energy without the system to have still reached the zero temperature.
In principle, there is a critical temperature where this phenomenon starts to
occur. When we subtract the number of bits with zero energy from the total
number of bits in the equipartition formula, the MOND theory is obtained.
There are several possibilities of introducing inhomogeneity in the Verlinde’s
formalism and our motivation in choosing a particular form, Eq.(8), was to
derive MOND theory. In the last part of this work, we rederive a modified
form of the gravitational force, previously obtained by Sheykhi[15], by using
the equipartition theorem with an appropriate redefinition of the number of
bits.
3
2 Entropic Gravitational Acceleration
In this section we will briefly show, in a quantitative manner, the steps used
by Verlinde[4] in order to derive the gravitational acceleration. We will begin
by considering a spherical surface as the holographic screen with a particle
of mass M positioned in its center. A holographic screen can be thought as
a storage device for information. The number of bits is then assumed to be
proportional to the area A of the holographic screen
N =
A
l2p
, (1)
where A = 4pir2 and l2p =
Gh¯
c3
. The term bit signifies the smallest unit of
information in the holographic screen. The energy of the particle is
E = Mc2. (2)
An important assumption in the Verlinde’s formalism is that the total energy
of the bits on the screen is given by the equipartition law of energy
E =
1
2
NkBT. (3)
It is important to mention that for black hole space-time Eq.(3) can be
proved without assuming a priori the validity of this equation[8]. Assuming
that the energy of the particle inside the holographic screen is equal to the
equipartition law of energy
4
Mc2 =
1
2
NkBT, (4)
and using Eq.(1) together with the Unruh temperature formula
kBT =
1
2pi
h¯a
c
, (5)
we are then able to derive the well known (absolute) gravitational acceleration
formula
a =
GM
r2
. (6)
3 The MOND Theory and Modified Entropic
Force
The success of MOND theory is due to its ability, in principle as a phe-
nomenological model, to explain the most of the rotation curve of galaxies.
MOND theory reproduces the well known Tully-Fisher relation[16] and can
also be an alternative to the dark matter model. However, it is opportune
to mention that MOND theory can not explain the temperature profile of
galaxy clusters and presents some trouble when confronting with cosmology.
For details, see, for example, references [17] and [18]. Basically this theory
is a modification of Newton’s second law in which the force can be described
as
5
F = m µ
(
a
a0
)
a, (7)
where µ(x) is a function with the following properties: µ(x) ≈ 1 for x >> 1,
µ(x) ≈ x for x << 1 and a0 is a constant. There are different interpolation
functions for µ(x)[19]. However, it is believed that the main implications
caused by the MOND theory do not depend on the specific form of these
functions. Therefore, for simplicity, it is usual to assume that the variation
of µ(x) between the asymptotic limits occurs abruptly at x = 1 or a = a0.
We will begin our proposal by considering that, below a critical temper-
ature, the cooling of the holographic screen is not homogeneous. We choose
that the fraction of bits with zero energy is given by the formula
N0
N
= 1−
T
Tc
, (8)
where N is the total number of bits given by the formula (1), N0 is the number
of bits with zero energy and Tc is the critical temperature. For T ≥ Tc we
have N0 = 0 and for T < Tc the zero energy phenomenon for some bits starts
to occur. Equation (8) is an usual relation of critical phenomena and second
order phase transitions theory. The number of bits with energy different of
zero for a given temperature T < Tc is
N −N0 = N
T
Tc
. (9)
Here, we are assuming that Eq.(1) is still valid below Tc. Whereas now the
energy of the particle inside the holographic screen is equally distributed on
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all bits with nonzero energy and using relation (9) in the equipartition law
of energy, we get
Mc2 =
1
2
(N −N0)kBT
=
1
2
N
T
Tc
kBT. (10)
Then, combining Eqs.(1), (5) and (10), we are capable of deriving, for T < Tc,
the MOND theory for Newton’s law of gravitation
a
(
a
a0
)
= G
M
r2
, (11)
where
a0 =
2pic kBTc
h¯
. (12)
Using a0 ≈ 10
−10ms−2 we get Tc ≈ 10
−31K, an extremely low temperature
which is far from the usual temperatures observed in our real world. Here, a
brief comment on this extremely low temperature must be made. Rewriting
Eq.(5) in the form
T ≈ 4× 10−21
K
m/s2
a, (13)
then, we can observe that, at first, any model that combines the Unruh tem-
perature with MOND theory (a0 ≈ 10
−10ms−2) leads to the value of the
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critical temperature, Tc, mentioned above. According to the Unruh effect,
where an accelerating observer will observe a black-body radiation, our crit-
ical temperature should be observed in an accelerated reference frame that
can be the galaxies. Therefore, below the critical temperature, Tc, we have
obtained as a consequence of MOND theory that the usual Newton’s second
law is no longer valid.
We also want to make a comment on the possibility to occur phase tran-
sitions in our model. The energy of the system, Eq.(10), is a constant value
(E = Mc2) as well as it is constant in the Debye’s model as mentioned in the
introduction. Then, the derivative of this expression with respect to tempera-
ture, which is the specific heat, is zero. However, so that the phase transition
takes place, it is necessary that the specific heat presents singularity at the
critical temperature. Therefore, if we use the behavior of the specific heat
as the indicator of phase transition, we can conclude that, strictly speaking,
there is no phase transition in our particular model[20].
The hypothesis of nonhomogeneous cooling of bits can be justified by
making use of thermostatistic arguments. Below the critical (low) tempera-
ture, the thermal bath does not ensure an exact application of the equipar-
tition theorem for all bits, i.e., the thermalization of the system does not
guarantee that all bits have the same energy. This result frequently occurs
in many different physical systems. As an example, we can mention the well
known coupled harmonic oscillators model[21] where the energy is not be
shared between the independent normal modes of this system.
The concept of nonhomogeneous cooling of bits allows us to imagine a
curious hypothetical case that is when all bits acquire zero energy at the
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same time for a particular acceleration or specific critical temperature dif-
ferent of zero. In the language of critical phenomena, we can say that this
case is similar to the first order phase transition. Then, using the abrupt
energy change of the bits and Eqs.(1), (2), (4) and (5), we obtain that the
gravitational acceleration has an interesting behavior that is not approach-
ing to zero for very large distances but tends to a constant value. If this
phenomenon occurs, we expect that the asymptotic value of the acceleration
must be very small when compared with values of our everyday world and
certainly it is very difficult of being measured by the current experimental
techniques.
4 Modified Friedmann Equation Compatible
with MOND Theory
In this section we will derive a modified Friedmann equation compatible with
MOND theory. We use the same steps of Cai, Cao and Ohta[22] who have
obtained the Friedmann equations from entropic force (similar results can
be found in references [23] and [24]). The only difference is that we will
introduce the concept of nonhomogeneous cooling of bits in the equipartition
law of energy as we did in the previous section. We will begin by considering
a flat Friedmann-Robertson-Walker (FRW) universe whose metric is
ds2 = −dt2 + a2(t)
(
dr2 + r2dΩ2
)
. (14)
9
We suppose that in the FRW universe the matter source, for simplicity, is a
perfect fluid with the stress-energy tensor given by
Tµν = (ρ+
p
c2
)uµuν +
p
c2
gµν , (15)
where ρ is the mass density, p is the pressure and uµ = (1, 0, 0, 0) is the
four velocity of the fluid measured by a comoving observer. We choose as
the holographic screen a spherical surface with the radius r˜ = a(t)r. Con-
sequently, the acceleration in which will be used in the Unruh temperature
formula is ar = a¨r. The mass inside the holographic screen is given by the
Tolman-Komar mass relation[25]
M = 2
∫
V
dV
(
Tµν −
1
2
Tgµν
)
uµuν
=
4pi
3
a3r3 (ρ+
3p
c2
). (16)
At this point we are ready to apply the Verlinde’s formalism with the fraction
bits number with zero energy, Eq.(8), being used in the equipartition law of
energy. Combining Eqs.(1), (2), (5), (10) and (16), we get
a¨ = −
[
4piGa0
3
(ρ+
3p
c2
)
a
r
] 1
2
, (17)
which is the acceleration equation for the dynamical evolution of the FRW
universe compatible with MOND theory. The parameter a0 is the same as
defined in Eq.(12). The minus sign in Eq.(17) is due to our consideration
that the acceleration is caused by the matter inside the holographic screen.
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Due to the algebraic form of Eq.(17), at first, we can not integrate it and
consequently we can not write an expression for a˙, as usually is done for the
Friedmann equations. What it is amazing in the entropic formalism is that we
are deriving a modified Friedmann equation compatible with MOND theory
by a thermostatistic approach and not by a modified relativistic theory[26]
which would, in principle, be necessary to derive an exact result.
Rewriting Eq.(17) in terms of r˜ = a(t)r, we get
¨˜r = −
[
4piGa0
3
(ρ+
3p
c2
)r˜
] 1
2
, (18)
which is the same expression obtained by Sanders[27] in another context.
Our derivation of the modified Friedmann equation relies on the relativistic
Tolman-Komar mass formula, Eq.(16). This choice means that we are adopt-
ing a particular theory of gravity. If we use another equally acceptable theory
that is the Hawking-Hayward or Misner-Sharp mass formula, we can show
that the results are Eqs. (17) and (18) without the pressure term. For more
details of Hawking-Hayward energy and Misner-Sharp energy see references
[28] and [29], respectively.
5 Entropic Corrections to the Newton’s Law
of Gravitation
Loop quantum gravity provides quantum corrections for the entropy-area
relation of black holes. This modified formula is written as
11
S =
A
4l2p
− β ln
A
4l2p
+ γ
l2p
A
+ const. , (19)
where β and γ are dimensionless constants of order unity. The values of these
constants are not precisely determined and still remain an open question
in loop quantum cosmology. Sheykhi, by utilizing the modified entropy-
area relation(19), has been able to derive a correction to the Newton’s law
of gravitation by adopting the viewpoint of Verlinde’s formalism (another
similar result can be found in reference [30]) . The result is
F = −
GMm
R2
[
1−
β
pi
l2p
R2
−
γ
4pi2
l4p
R4
]
. (20)
Using the FRW metric, Eq.(14), the definition of mass density, ρ = M/V ,
and the Tolman-Komar mass relation, Eq.(16), Sheykhi has also derived from
Eq.(20) a modified equation for the dynamical evolution of the FRW universe
given by
a¨
a
= −
4piG
3
(ρ+ 3p)
[
1−
β
pi
l2p
R2
−
γ
4pi2
l4p
R4
]
. (21)
In this section we will derive Eqs.(20) and (21) by another procedure which
consists of using the equipartition theorem together with an adequate re-
definition of the number of bits, N . Since, in the Verlinde’s formalism, the
definition of the number of bits, Eq.(1), is, in principle, postulated then, we
can adopt a new expression for the bit’s number written as
12
N ′ =
N
1− 4β
N
−
4γ
N2
, (22)
where N is given by Eq.(1). Hence, combining Eqs.(1), (2), (3), (4), (5)
and (22), we can rederive Eq.(20) and, consequently, Eq.(21). Here, it is
interesting to note that different choices for the definition of the number of
bits can result in different possible modified gravitational force expressions
or different gravity theories.
6 Conclusions
In this work, we use the holographic principle and a modified equipartition
law of energy, where we have introduced the notion of nonhomogeneous cool-
ing of bits, in order to derive MOND theory and a modified Friedmann equa-
tion compatible with MOND theory. The key point of our work is that, below
a critical temperature, the energy of the particle inside the holographic screen
is not distributed equally on all bits. This hypothesis leads to a change in
the equipartition energy formula where now it is proportional to the square
of temperature. Using the Unruh temperature we are then able to derive
MOND theory. We would like to point out that an important result of our
work is the reinterpretation of MOND’s parameter a0, Eq.(12), in terms of
the Planck constant and a critical temperature where below this the non-
homogeneous bits distribution of energy begins to occur. To finish, it is
important to mention that our last result indicates that the quantum cor-
rections effects of the entropy-area relation, Eq.(19), can also be obtained
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by taking the classical equipartition theorem in association with a suitable
redefinition of the number of bits, Eq.(22).
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